Borel integration prescription suggested in pQCD by infrared renormalons by Cvetic, G

















































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































First, let us review the method of Ref. [9] in detail. The presentation of the method is here somewhat dierent
























is the one-loop coeÆcient of the anomalous dimension of the corresponding higher-
twist operator (with dimension d=2n) in the OPE for [a(Q)]. For deniteness, the renormalization scale  is taken





















B(b) ; (z = jzje
i
; b = jbje
i
) : (3)
For z near the positive real axis z = jzj  i" [jzj=
0
a(Q)=n > 0], it is straightforward to show from (3), with the help




































B(b) ("! +0) : (4)
The real part of this is the Principal Value. As a consequence of the IR singularity (2) at b  n, the integral (3) has
a discontinuity (cut) at the positive real axis z  0. Namely, the quantity (4) is not real and its discontinuity shows
up in its imaginary part. This can be seen by introducing in the integrand of Eq. (4) the new complex integration
variable t via b = n(1 + jzjt)
Im
BI


















































The (Hankel) contour C
t
is depicted in Fig. 1, and the expression (5) is obtained from the known Hankel contour form














(jsj <1) ; (6)






































(z) is a function without cuts in the complex z-plane since the rst expression on the right-hand side
absorbs the renormalon-induced cut (5) at z  0. The rst expression, when z= jzji" = 
0
a(Q)=ni" is at the real




















in the OPE. The imaginary part of this expression, i.e., expression (5), must be
identied as the imaginary part of the contribution from the leading IR renormalon (2). The central assumption of
the method is that the full rst expression on the right-hand side of (7), which contains the full nonphysical cut (5)
























FIG. 1: The path C
t
in the integrals (5) and (6).
This same cut contribution, for z = jzji" at the positive real axis, can be obtained also by Borel-integrating the
nonanalytic part of the Borel transform (2) along its cut b > n above or below the real axis in analogy with the full
Borel-integrated quantity (4). To show this, we use the new real integration variable t such that b= n(1+zt), and




































































For z away from the real positive axis, the analytic continuation of this expression in z keeps its form (11) unchanged,
i.e., precisely the cut-function (8). The Borel-integration over t > 0 (, b > n  i") in the rst term of Eq. (10)
converges only when Re() < 0 [in the m'th term: when Re( m) < 0], and gives the result (11). When Re()  0
[or: Re( m)  0], the result (11) represents the analytic continuation in .
The subtraction of the cut-function contribution (8) leads to the nal result for the resummed value of the observable







(jzj  i")  
(cut1)























In the Borel integration here, the exactly known IR renormalon singularity has been factored out explicitly. Function
R(b) = (1   b=n)
1+
B(b) (whose truncated perturbation series up to  b
2
is known exactly in the case of several
QCD observables) has a much weaker singularity at b=n than B(b). In Eq. (12), the equality Re
(cut1)
(jzj  i") =
 cot() Im
(cut1)














should be regarded as a general parameter which can take on,
in principle, any (real) value. For example, when varying the number of eectively active quark avors n
f
continuously,




! 0 and  ! 0. The
residue C of the renormalon in general does not vanish in the large-
0
limit.
The cut-function (8), as a function of general  and when the coupling parameter is near the positive real cut axis
z

= jzj  i" = 
0


























4The central assumption of the method, i.e., the subtraction of the cut-function (8) from the Borel-integrated value,
appears to be plausible and natural, especially because the cut function (8) [, (13)] has a simple form, and because
it represents precisely the contribution of the Borel integration of the nonanalytic part of the Borel transform (2)
along the cut b  n parallel to the real axis, as axplained in Eqs. (9){(11). However, there are at least two problems
with this method when we impose on it the plausible condition that it should work for any (real) value of the power
coeÆcient .
1. When  is nonnegative integer ( = k; k = 0; 1; 2; : : :), the cut-function (13) is innite, because cot() diverges
there. Ref. [9] mentions that in such a case the residue C of the renormalon must disappear, making this cut-
function nite. This appears to be unlikely, as argued above; in particular, for Adler function in the large-
0




= 0) this would mean the disappearance of the leading IR renormalon. Note
that, in contrast to cot(), the factor 1= (1 + ) in Eq. (13) is an analytic function in the entire complex
-plane.
2. When  is a negative integer  =  1; 2; : : : ; :::, the IR renormalon singularity (2) with the cut disappears (even
when C 6= 0), the Borel transform is analytic. This means that 
(cut1)
(z) must be zero. However, according to
Eq. (13) 
(cut1)
(z) 6= 0 { note:   cot()= (1 + ) = ( 1)
k+1
(k   1)! 6= 0 when  =  k =  1; 2; : : :. Again,
it is the poles of cot() that cause the problems, but this time at  =  1; 2; : : :.
If we take the view-point that the method should be taken as the starting point nonetheless, because of the
mentioned plausibility and naturalness of the choice of (8), we should denitely modify it so that the aforementioned
two problematic points are eliminated. This can be done in a natural way, by inspecting again the expression
(13). The two problematic aspects arose because of the poles of the factor cot(), at  = 0;1;2, etc. The
function f() = cot() should thus be regularized in order to eliminate both problems. The apparently most natural
regularization, i.e., elimination of the poles, is obtained by subtracting the simple pole functions with the coeÆcients
being equal to the residues of f() at those poles. This gives:




























We see that the function cot() is identical to the sum of the corresponding simple pole functions. Only some of
the meromorphic functions (analytic functions with discrete poles) have this remarkable property. The procedure
(14){(15) therefore eliminates the real part of the cut-function (13) at the real axis z = jzji" = 
0
a(Q)=n  i",
the modied expression there is purely imaginary. The nal result of the modied method is then just the Principal
























































It can be checked explicitly that this function is nite for any nite complex , including  = 0;1;2; : : :. It is an
analytic function of z outside the real axis, with the cut along the real axis. The subtraction of the poles of cot()




. The consistency of the results for  = 0;1; : : : thus
introduced an additional cut along the negative real axis.
The central idea in Ref. [9] was that the cut-function to be subtracted from the Borel-resummed observables with
an IR renormalon has a cut only along the positive part of the real axis. In the two exactly solvable non-QCD
examples presented there this idea was shown to hold [9]. It remains unclear whether the cut-function (8) of the
QCD prescription of Ref. [9] can be regularized with respect to  in a physically tenable way and at the same time
maintaining the cut only along the positive axis.
The IR renormalons play an important role also in the resummations using modied Borel transforms where the
entire integrand in the Borel integration is renormalization scale (RS) invariant. Such transforms were introduced
5by Grunberg [13] on the basis of a larger class of transforms proposed in Ref. [14] in a somewhat dierent context.
Such RS-invariant Borel transform resummations were applied in Refs. [15, 16], by either evaluating the Principal
Value of the Borel integral [15] or adding to the Principal Value the higher-twist OPE terms [16]. The discussed
method of Ref. [9], for the ordinary Borel transforms (3), can be adapted to the method of the RS-invariant Borel
transforms. The problems (divergences) appearing in this case are similar to those discussed here, but algebraically
more complicated. It is not clear whether in such case an analogous regularization procedure as the one presented
here would lead to the Principal Value of the RS-invariant Borel resummation.
In the present work, the method of subtracting a power-suppressed term from the Principal Value of the Borel
integral for QCD observables with IR renormalon, recently proposed in Ref. [9] and applied in Refs. [10, 11], has been
scrutinized. It was pointed out that the result becomes physically untenable for specic values of the renormalon
power coeÆcient , as a consequence of the divergences of a factor [cot()] appearing in the result. When these
divergences are removed in apparently the most natural way, the power-suppressed term of the method disappears
and the modied result becomes the Principal Value. These conclusions suggest that the most natural pQCD Borel
integration of a QCD observable remains the Principal Value. The additional power-suppressed (higher-twist, higher-
dimensional) terms cannot be inferred from pQCD (+renormalon) methods in any natural way. Such additional
(OPE) terms involve vacuum expectation values (VEVs) of higher-twist operators and can theoretically be obtained
or estimated only by genuinely nonperturbative methods. Phenomenologically, such additional OPE terms can be
determined by tting them to the corresponding experimental data. However, in such a procedure, it is important to
keep for the leading-twist term in the OPE a specic pQCD expression, which should apparently most naturally be
the Principal Value of the Borel integral, i.e., Eq. (16). On the other hand, if the leading-twist term is taken to be a
truncated perturbation series (TPS), the strength of the higher-twist terms will sometimes dramatically change when
the order of the TPS is changed [17, 18].
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